Abstract. The interaction of a five-level atomic system involving electromagnetically induced transparency with four light fields is investigated. Two different light-atom configurations are considered, and their efficiency in generating large nonlinear cross-phase shifts compared. The dispersive properties of those schemes are analyzed in detail, and the conditions leading to group velocity matching for two of the light fields are identified. An analytical treatment based on amplitude equations is used in order to obtain approximate solutions for the susceptibilities, which are shown to fit well with the numerical solution of the full Bloch equations in a large parameter region.
Introduction
An efficient cross-phase modulation (XPM) in quantum and semiclassical regimes is both interesting and useful in many possible applications, such as those in optical communications [1] , optical Kerr shutters [2] , quantum nondemolition measurements [3] and quantum phase gates [4] . In all of these, but the last two especially, a large XPM is desirable for low pump powers and high sensitivities. In a standard three-level cascade scheme, shown in Figure 1b , nonlinear effects are obtained alongside absorption, which increase as the fields are tuned closer to the atomic transition [5] . To reduce the absorption to an acceptable level, light fields need to be strongly detuned from the intermediate atomic level |2 , simultaneously reducing however the size of the nonlinearity, since both are inversely proportional to the square of the detuning.
Extensive studies aimed at avoiding this problem have been performed in recent years. A promising candidate emerged with the use of quantum coherence effects in the interaction of light with multilevel atoms. Coherent population trapping (CPT) [6] and in particular the related effect of electromagnetically induced transparency (EIT) [7, 8] have been studied theoretically [5, 9, 10] and experimentally [3, [11] [12] [13] in various energy-level schemes based on a generic Λ-scheme (see Fig. 1a ). At resonance (δ 1 = 0 in Fig. 1a) , the presence of the coupling field (with Rabi frequency Ω 2 ) cancels, by destructive interfer- ence, the absorption on the probe transition (with Rabi frequency Ω 1 ), and renders the medium transparent for the probe beam. A more general condition for EIT is twophoton resonance, a condition that is satisfied when the frequency difference between the fields matches the energy gap between levels |1 and |3 . However, on the exact EIT resonance, probe field decouples from the atoms, making the dynamics purely linear. Optical nonlinearities in a multilevel atomic or molecular system in the presence of EIT, usually arise by one of the two following related mechanisms. One is to violate the strict two-photon resonance condition, with a frequency mismatch smaller than the width of the transparency window [3, 14, 15] . Alternatively, one can add additional energy level(s) in order to induce an ac-Stark shift and effectively tune the signal out of resonance [5, 10, 16] . Both mechanisms result in large nonlinearities, accompanied by very weak absorption. Recently, the so-called M -scheme, shown in Figure 2 , has been studied and proposed as a promising source of giant nonlinearities that can be utilized for XPM [14, 17] . The double Λ nature of this M configuration offers the opportunity of a simultaneous group velocity reduction for pulses propagating inside the atomic sample. Group velocity matching, originally pointed out by Lukin and Imamoglu [18] , is important to obtain a large XPM. In fact, it has been shown by Harris and Hau [10] that if equal group velocity reduction is not achieved for both fields, the nonlinear phase accumulation will saturate at a certain constant value. The consequence is that increasing the length of the sample in which the nonlinear interaction takes place is not useful. On the other hand, if group velocities are equal, the nonlinear phase accumulation becomes linear in the interaction length [18] and it may become very large.
A large cross Kerr phase shift is very useful for photonic-based implementations of quantum information (QI) processing systems [4, 19] . In fact, a fundamental building block for quantum information processing is the quantum phase gate (QPG). In a QPG, one qubit gets a phase conditional to the other qubit state according to the transformation [4, 20] |i 1 |j 2 → exp {iφ ij } |i 1 |j 2 where {i, j} = 0, 1 denote the logical qubit bases. This gate is universal when the conditional phase shift (CPS)
is nonzero, and it is equivalent to a CNOT gate up to local unitary transformations when φ = π [4, 20] .
To obtain a CPS of φ = π, one looks for a strong interaction between qubits, ideally accompanied by weak decoherence. Photons are a particularly attractive choice for qubits due to their robustness against decoherence during the processing and transmission of information. This feature should ideally permit the transmission of the quantum information stored in very weak quantum pulses over very long distances with a negligibly small reduction of the initial signal. There is however an important difficulty in the implementation of an all-optical-QPG: to process the information one needs strong photon-photon interaction. In fact, to implement QI with photons, a nonlinear interaction is needed either to build a two-photon gate operation [14, 15, 21, 22] or at the detection stage in linear optics quantum computation [23] . It should also be mentioned that the generation of single-photons (which is also necessary in linear optics quantum computation) also relies on nonlinear interactions.
In this paper we perform a semiclassical analysis of the interaction of light with atoms in the M configuration, in which the amplitude of the four fields involved is described in terms of the corresponding Rabi frequency. The aim is to estimate the effects of collisional dephasing and spontaneous emission, both on the nonlinear interaction and on group velocity matching. The semiclassical regime offers a clear picture of the physical aspects involved in EITbased nonlinear optics, and well describes a number of recent experiments [13, 24] . To this end we consider two different configurations of atom-field interactions, which we will call the asymmetric (see Fig. 2 ) and the symmetric (see Fig. 10 ) M scheme. The paper is thus composed of two main parts. In Section 2 we describe the physics of the asymmetric M -scheme. We start by defining the system and calculating the susceptibilities using an approximate treatment employing amplitude equations. These analytical calculations are then compared with the results of the numerical solution of the full system of Bloch equations. Finally, the conditions for group velocity matching are analyzed. In Section 3 the physics of the symmetric M -scheme is described by following the same order as in Section 2. Conclusions are drawn in Section 4.
The asymmetric M scheme

The system
The M -system under consideration has a double adjacent Λ structure as shown in Figure 2 , where atoms with five levels (three ground states |1 , |3 , |5 , and two excited states |2 , |4 ) interact with four electromagnetic fields. This configuration can be realized in Zeeman-splitted alkali atoms, such as 87 Rb atoms. The Rabi frequencies associated with the lasers driving the atomic transitions are defined as
